CHAPTER -5 PRIME AND MAXIMAL IDEALS OF PRE A*-ALGEBRA
In this chapter we formulate the definitions of an ideal, prime ideal, and maximal ideal of Pre A*-algebra A and discuss certain examples. We prove important fundamental properties of ideals. In particular we extend to prove that every ideal I of a Pre A*-algebra A is the intersection of all prime ideals of A containing I. Also we prove that for any ideals I and J of Pre A*-algebra A, (I: J) is precisely equal to the intersection of all prime ideals containing J and not containing I. We also show that every maximal ideal is necessarily prime, while the converse is true for special cases only .We also discuss minimal prime ideals of Pre A*-algebra. (ii) a∈U ⇒ x ∧a∈U for each x∈A 5.1.2. Example: All the ideals of Pre A*-algebra A = {0, 1, 2} are I 1 = {2} I 2 = {0, 2} and A itself. 53 Now we give some examples of Pre A*-algebras and collect all the ideals of these.
Ideals of Pre

Example:
Let G = {a 1 , a 2 , a 3 , a 4 , a 5 } where a 1 = (1, 2) , a 2 = (0, 2), a 3 = (2, 1), a 4 = (2, 0), a 5 = (2, 2) . Then G is a Pre A*-algebra (a sub algebra of A×A) under the point wise operations given in the following tables.
This algebra (G, ∧, ∨, (-) ~) is a Pre A*-algebra without 1. All the ideals of G are I 1 = {a 5 }, I 2 = {a 2 , a 5 }, I 3 = {a 4 , a 5 }, I 4 = {a 1 , a 2 , a 5 }, I 5 = {a 2 , a 4 , a 5 }, I 6 = {a 3 , a 4 , a 5 }, I 7 = {a 1 , a 2 , a 4 , a 5 }, I 8 = {a 2 , a 3 , a 4 , a 5 }, I 9 = G. 5.1.6. Lemma: Let A be a Pre A*-algebra and p∈A .Then { x ∧p /x∈A} is the smallest ideal containing p.
Proof: Let U = {x ∧p /x∈A}.
If s, t∈U then s = x ∧p and t = y ∧p for some x, y∈A
Therefore s ∨ t∈U.
Let x ∧p∈U and z∈A.
Therefore U is an ideal of A. Also U is an ideal containing p. (since p = p ∧p∈U)
Let I be the ideal containing p. Then x ∧p∈I for any x∈A and hence U ⊆ I Thus U is the smallest ideal containing p.
Definition:
Let A be a Pre A*-algebra and p∈A then {x ∧p /x∈A} is called the Principal ideal generated by p and is denoted by < p >.
Now we give some examples of principal ideals of certain Pre A*-algebras. On the other hand suppose that p = q ⇒ p ∧q = p and q ∧p = q ⇒ p ∈< q > and q ∈< p > ⇒ < p > ⊆ < q > and < q > ⊆ < p > ⇒ < p > = < q >.
Example: Principal ideals of the Pre
5.1.14. Lemma: Let A be a Pre A*-algebra and p, q∈A.
Let x∈ < p > ∩ < q >. Then x∈ < p > and x∈ < q > ⇒ x = x ∧ p and x = x ∧q
Note:
We do not have < p > ∪ < q > = < p ∨ q >, in general for example in the Pre A*-algebra G = {a 1 , a 2 , a 3 , a 4 , a 5 } < a 1 > ∪ < a 3 > = {a 1 , a 2 , a 5 } ∪ {a 3 , a 4 , a 5 } = G. But a 1 ∨ a 3 = a 5 and < a 5 > ≠ G.
Theorem:
Let p and q are two elements of a Pre A*-algebra A then
Therefore x∈ < p > Thus < p ∧q > ⊆ < p >. More over we have < p ∧q > ⊆ < q >.
Lemma:
If p and q are two elements of a Pre A*-algebra A then < p > ∨ < q > = < {p, q} >.
Proof: Let < {p, q} > = U Clearly < p > ⊆ U, < q > ⊆ U and hence < p > ∨ < q > ⊆ U Conversely the fact that {p, q} ⊆ < p > ∨ < q > Therefore < p > ∨ < q > = < {p, q} >.
5.1.18. Theorem: Let A be a Pre A*-algebra and p, q, s ∈A. If < p > = < q > then < s ∨ p > = < s ∨ q >. 
Proof: Let a∈U
Since U is an ideal a ∧ s∈U for all s∈ A Therefore a ∧ s∈U for all s∈S
Thus a∈ (S: U)
Therefore U ⊆ (S: U).
Theorem: Let S be a subset and U and W are the two ideals of Pre A*-algebra A then (S: U ∩ W) = (S: U) ∩ (S: W).
Proof: Let x∈(S: U ∩ W) ⇔ x ∧s ∈ U ∩ W, for all s∈S ⇔ x ∧s ∈ U and x ∧s ∈ W for all s∈S ⇔ x∈(S : U) and x∈(S : W) ⇔ x∈(S : U) ∩ (S : W) Therefore (S: U ∩ W) = (S: U) ∩ (S: W).
Theorem: Let S and T are be any two subsets, U be an ideal of Pre A*-algebra A and S ⊆ T then (T: U) ⊆ (S: U).
Proof: Let x∈(T : U) then x ∧t ∈ U for all t∈T and hence x ∧t ∈ U for all t∈S (since S ⊆ T)
So that x∈(S: U). Therefore x∈U (since x ∧s i ∈ U).
Therefore (T: U) ⊆ (S: U).
Theorem: Let S and T are be any two subsets and U be an ideal of Pre A*-algebra A then (S ∪ T: U) = (S: U) ∩ (T: U).
Proof: We know that S and T ⊆ S
On the other hand W is a ideal of A such that < S > ∩ W ⊆ U Let x∈W. Then for any s∈S, x ∧s∈ < S > ∩ W (since W and < S > are ideals; x∈W, s∈A ⇒ x ∧s∈ W) ⇒ x ∧s∈U ( by supposition)
Therefore x∈(S: U).
Thus W ⊆ (S: U).
Lemma:
Let S be any subset and U be an ideal of a Pre A*-algebra A. Then (< S >: U) = (S: U).
Proof:
We know that S ⊆ < S > and therefore by theorem 5.1.24. 
Example:
Consider the Pre A*-algebra A = {0, 1, 2}. In this {0, 2} is the only prime ideal.
The prime ideals of the Pre A*-algebra G = {a 1 , a 2 , a 3 , a 4 , 
Theorem:
The following are equivalent for any proper ideal P of Pre A*-algebra A.
(1) P is prime ideal (2) For any ideal I and J of A, I ∩ J ⊆ P ⇒ I ⊆ P or J ⊆ P (3)For any ideal I and J of A, P = I ∩ J ⇒ P=I or P=J Proof: (1) ⇒ (2):
Let P be a prime ideal and I and J are ideals of A such that I ∩ J ⊆ P Assume that I ⊆ P. Then there exist a∈I such that a∉P.
Let b∈J.
Then a ∧b ∈ I ∩ J ⊆ P (since I ∩ J ⊆ P)
Since P is prime, a∈P or b∈P. But a∉P we have b∈P Thus J ⊆ P.
(2) ⇒ (3) is trivial.
Suppose that I ∩ J =P ⇒ P = I or P = J for any ideals I and J of A.
Let a, b ∈A such that a ∧b∈P
Then by lemma 5.1.14. < a > ∩ < b > = < a ∧b > ⊆ P and hence ( < a > ∨ P ) ∩ (< b > ∨ P) = (< a > ∩ < b >) ∨ P = P so that < a > ∨ P = P or < b > ∨ P = P or equivalently < a > ⊆ P or < b > ⊆ P and therefore a∈P or b∈P.
Thus P is prime ideal.
Let I be an ideal of a Pre A*-algebra A and a∈A\I. Then there exist a prime ideal P containing I and not containing a.
Proof: Let a∉ I
Let Ŧ= {J/J is an ideal of A, I ⊆ J and a∉J}. Clearly I∈Ŧ Therefore Ŧ is a non-empty and partially ordered set under set inclusion.
By Zorn's lemma there exist a maximal member M in Ŧ. Then clearly M is a proper ideal of A and I ⊆ M.
We shall prove that M is a prime ideal of A.
66 Let x, y∈A such that x∉M and y∉M Then M is properly contained in M ∨ < x > and M ∨ < y > and hence by maximality of M , we have
Therefore M is a prime ideal containing I and not containing a. Therefore there exists prime ideal P such that J ⊆ P and x ∧a∉P Then x∉P and a∉P (since P is prime) and hence I ⊆ P (since a ∈I and a∉P) Therefore x∉ ∩ {P / P is a prime ideal of A, J ⊆ P and I ⊆ P } and hence ∩ {P / P is a prime ideal of A, J ⊆ P and I ⊆ P} ⊆ (I: J) Thus (I: J) = ∩ {P / P is a prime ideal of A, J ⊆ P and I ⊆ P}. Thus M is a prime ideal of A.
Corollary:
Maximal Ideals of Pre
69
The validity of the converse of the above theorem is not known .That is, are there prime ideals which are not maximal .In certain special cases, we know that every prime ideal is maximal, for example Boolean algebras.
In the following we discuss another class of Pre A*-algebra when every prime ideal is maximal.
5.3.3. Theorem: Let A be a Pre A*-algebra with 1. Suppose that for any x ∈A, there exists a smallest x 0 ∈ B(A) such that x ∧ x 0 = x and x 0~∨ x = 1.
Then every prime ideal of A is a maximal ideal.
Proof: Let P is a prime ideal of A and Q be any ideal such that P ≠ ⊂ Q.
Since P ≠ ⊂ Q there exits x∈Q such that x∉P.
Then there exists a smallest x 0 ∈B(A) such that x ∧ x 0 = x and x 0~∨ x = 1. Therefore x 0 ∉P (for if x 0 ∈P then x∈P, a contradiction).
Since P is prime x 0~∈ P ⊆ Q. Therefore both x and x 0~ belongs to Q and hence 1 = x 0~∨ x∈Q. (since Q is ideal) Then a = 1 ∧ a∈Q for all a∈A (since 1∈Q, a∈A and Q is ideal, 1 ∧ a∈Q) Therefore Q = A. Thus P is a maximal ideal of A.
Definition:
A prime ideal P of a Pre A*-algebra A is said to be a minimal prime ideal of A if there is no prime ideal Q of A such that Q ⊂ P. 5.3.5. Lemma: Let A be a Pre A*-algebra. Every prime ideal contains a minimal prime ideal.
Proof: Let P be a prime ideal of A.
Let Ŧ= {Q / Q is a prime ideal of A, Q ⊆ P} Then Ŧ is a non-empty (P∈ Ŧ) and Ŧ is a partially ordered set with respect to inclusion.
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If { } Q α α∈∆ is a chain in Ŧ then
Therefore every chain in Ŧ has a lower bound in Ŧ.
Thus by Zorn's lemma Ŧ has a minimal member say M.
Then M is a prime ideal of A and M ⊆ P.
Suppose there is a prime ideal R of A such that R ⊆ M.
Then R ⊆ M ⊆ P. Therefore R∈ Ŧ By the minimality of M in Ŧ we get that R = M.
Hence M is a minimal prime ideal contained in P.
